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The evaporation residue of Barium isotopes are investigated in a microscopic study using relativistic mean
field theory. The investigation includes the isotopes of Barium from the valley of stability to exotic proton-rich
region. The ground as well as neck configurations for these nuclei are generated from their total nucleonic
density distributions of the corresponding state. We have estimated the constituents (number of nucleons) in the
elongated neck region of the fission state. We found the α-particle as the constituent of neck of Ba-isotopes,
referred to as the evaporated residue in heavy-ion reaction studies. A strong correlation between the neutron
and proton is observed throughout the isotopic chain.
PACS numbers: 21.10.Dr., 21.60.-n., 23.60.+e., 24.10.Jv.
I. INTRODUCTION
In atomic nuclei, the occurrence of clusters and their
cluster structures were already predicted in late 1930’s by
Wheeler and von Weizacker [1, 2]. Numerous experimen-
tal and theoretical studies based on advanced microscopic
approaches with single-nucleon degrees of freedom have re-
vealed a wealth of data on clustering phenomena in light nu-
clei [3–8]. Another instance of clustering in atomic nuclei is
the cluster radioactivity, first predicted theoretically [9, 10],
based on quantum mechanical fragmentation theory [11–13],
and then observed experimentally [14]. Few other testimony
for the formation of nuclear clustering are reported from ex-
periments, but indirectly. The most possible clusters in the
ground and excited states of light and medium mass nuclei
are the N = Z 4He, 8Be, 12C, 16O, 20Ne, 24Mg and 28Si
nuclei [4, 15–19].
Clustering is the essential feature of many-nucleon dynam-
ics that coexists with the nuclear mean-field. In this context,
one can say that a fully microscopic understanding and de-
scription of cluster formation and their emission is necessary
in mean-field approaches, despite the existence of clusteriza-
tion effects in many calculations [20–22]. This is because, in
most of these calculations, we are neglecting the structure ef-
fects such as the binding energies and scattering phase shifts
of these configurations that are assumed as a-priory ingredi-
ents of effective interactions in the mean-field models [23–
25]. Another consequence is that the nuclear deformation in
ground state plays an important role in the formation of a clus-
ter because it removes the degeneracy of single nucleon lev-
els associated with spherical symmetry. At some specific de-
formation, the restored degeneracy degenerates the deformed
shell closures and facilitates the formation of clusters. How-
ever, this is a rather qualitative explanation because the clus-
tering phenomenon can not generally be explained by acci-
dental degeneracies. Hence, in order to understood the mech-
anism of clustering, a more general description that encom-
passes both cluster and quantum liquid-drop aspects in the fi-
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nite nuclear systems are needed.
The aim of this work is to address the origin of neck, as-
sumed to be required for the preformed clusters in the fission
state, i.e., the formation of elongated neck in the fission state
of a nucleus. It is worth mentioning that the relativistic mean-
field approach is able to give a complete and accurate descrip-
tion of ground-state properties and collective excitations over
the whole nuclear chart including the superheavy mass regions
[20, 23, 24]. In this approach, the many-body dynamics is rep-
resented by independent nucleons interacting through the me-
son field with a local self-consistent mean-field potential that
corresponds to the actual density and current distribution of a
given nucleus for a given state. In a recent work [20], we have
explained the formation of cluster(s) and their composition in
the ground and intrinsic excited state(s) of Ba isotopes. In the
present study, we are interested to reveal the fission state of
Ba nuclei from a microscopic description based on the frame-
work of relativistic mean field theory. The most important
steps that have been taken here are to find the constituents or
the composition of neck, which plays an important role for the
explanation of a fission state. In a fission process, the neck is
well accepted to be the nucleon’s emission region [20, 21]. It
will truly be of benefit if it would be possible to generate the
neck structure theoretically and find out the composition of
this region quantitatively. Such a study will be accessible for
understanding of the fission state as well as its residue in an
heavy-ion collision experiment where the excited compound
nucleus decays by the emission of light-particle evaporation
residues and the fission fragments. For Ba∗ compound sys-
tems (specifically, 118,122Ba∗), though the charge distribution
for fission fragments with 3≤Z≤28 is measured [26, 27], only
the total cross-section σER is measured for the evaporation
residues (ER: Z<3)), but without identifying the constituents
(Z or A-value) of σER. It is, therefore, of interest to know
the constituent(s) or the particle(s) in the neck region of the
fission state of Ba nuclei, in the RMF formalism - a structure
calculation. These constituent(s) will belong to ER or fission,
depending on the charge number (Z-value) of the particle(s)
in neck region is less than or greater than Z=2.
The paper is organized as follows: Section II gives a brief
description of the relativistic mean-field formalism (RMF).
The effects of pairing for open shell nuclei, included in our
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2calculations, are also discussed in this section. The results of
our calculations are presented in Section III. The neck config-
uration and their composition are also discussed quantitatively
in this section. A summary of the results obtained, together
with concluding remarks, are given in the last Section IV.
II. THE RELATIVISTIC MEAN-FIELD THEORY
In the last few decades, the relativistic mean field theory is
applied successfully to study the structural properties of nu-
clei throughout the nuclear chart, including also the unknown
island of superheavy nuclei [23, 28–33]. The relativistic La-
grangian density for nucleon-meson many-body system is ex-
pressed as [31, 33],
L = ψi{iγµ∂µ −M}ψi + 1
2
∂µσ∂µσ − 1
2
m2σσ
2
−1
3
g2σ
3 − 1
4
g3σ
4 − gsψiψiσ − 1
4
ΩµνΩµν
+
1
2
m2wV
µVµ +
1
4
c3(VµV
µ)2 − gwψiγµψiVµ
−1
4
~Bµν . ~Bµν +
1
2
m2ρ ~R
µ. ~Rµ − gρψiγµ~τψi. ~Rµ
−1
4
FµνFµν − eψiγµ
(1− τ3i)
2
ψiAµ. (1)
All the quantities in the above Lagrangian density have their
usual well known meanings. From the Lagrangian we ob-
tain the field equations for the nucleons and mesons. These
equations are solved by expanding the upper and lower com-
ponents of the Dirac spinors and the boson fields in an axially
deformed harmonic oscillator basis with an initial deforma-
tion β0. The set of coupled equations is solved numerically
by a self-consistent iteration method. The center-of-mass mo-
tion energy correction is estimated by the usual harmonic os-
cillator formula Ec.m. = 34 (41A
−1/3). The quadrupole de-
formation parameter β2 is evaluated from the resulting pro-
ton and neutron quadrupole moments, as Q = Qn + Qp =√
16pi
5 (
3
4piAR
2β2). The root mean square (rms) matter radius
is defined as 〈r2m〉 = 1A
∫
ρ(r⊥, z)r2dτ , where A is the mass
number, and ρ(r⊥, z) is the deformed density. The total bind-
ing energy and other observables are also obtained by using
the standard relations, given in Ref. [34]. We use the well
known NL3 parameter set [35], which not only reproduces the
properties of stable nuclei but also well predicts for those nu-
clei far from the β-stability valley. As outputs, we obtain dif-
ferent potentials, densities, single-particle energy levels, radii,
deformations and the binding energies. For a given nucleus,
the maximum binding energy corresponds to the ground state
and other solutions are obtained as various excited intrinsic
states, provided the nucleus does not undergo fission. For the
fission state [36–38], we follow a special procedure discussed
below.
A. Pairing Effect
In the present study, we are dealing with the proton-rich iso-
topes of Ba nucleus, hence pairing is a crucial quantity for the
open shell nuclei in determining the nuclear gross properties.
The constant gap, BCS-pairing approach has been adopted for
the present calculations. The general expression for pairing
energy is given as:
Epair = −G
[∑
i>0
uivi
]2
, (2)
where G is the pairing force constant and v2i and u
2
i = 1− v2i
are the occupation probabilities. The variational procedure
with respect to the occupation numbers v2i , gives the BCS
equation 2iuivi −4(u2i − v2i ) = 0 with4 = G
∑
i>0 uivi.
This is the famous BCS equation for pairing energy. The den-
sities are contained within the occupation number ni = v2i =
1
2
[
1− i−λ√
(i−λ)2+42
]
. In order to take care of the pairing
effects in the present study, we use the constant gap for pro-
ton and neutron, as given in [39]: 4p = RBsesI−tI2/Z1/3
and 4n = RBse−sI−tI2/A1/3, with R=5.72, s=0.118, t=
8.12, Bs=1, and I = (N − Z)/(N + Z). (Note that the gaps
obtained by these expressions are valid for nuclei both on or
away from β-stable region.)
In solving the RMF equations, the pairing force constant G
is not calculated explicitly. Instead, using the above gap pa-
rameter, we calculate directly the occupation probability using
the chemical potentials for nucleons λn and λp. Finally, we
can write the pairing energy as:
Epair = −4
∑
i>0
uiv
2
i . (3)
Apparently, in a given nucleus, for a constant pairing gap 4,
the pairing energy Epair is not constant since it depends on
the occupation probabilities v2i and u
2
i , and the deformation
parameter β2. For example, for a constant pairing parameter
4 and force constant G, the pairing energy Epair diverges if
it is extended to an infinite configuration space. In fact, in
all realistic calculations with finite range forces, 4 decreases
with state (spherical or deformed) for large momenta near the
Fermi surface. However, in the present case, we assume that
pairing gap for all states | α >=| nljm > are equal to each
other near the Fermi surface and hence a constant pairing gap
is taken for simplicity of the calculations. We use in our cal-
culations a pairing window, and all the equations extended up
to the level i − λ ≤ 2(41A1/3). The factor 2 has been de-
termined so as to reproduce the pairing correlation energy for
neutrons in 118Sn using Gogny force [34]. This type of pre-
scription for pairing effects, both in RMF and Skyrme Hartree
Fock (SHF), has already been used by us and many others
authors [20, 40]. Within this pairing approach, it is shown
[40, 41] that the results for binding energies and quadruple
deformations are almost identical with the predictions of rela-
tivistic Hartree-Bogoliubov (RHB) approach [41, 42].
3TABLE I: The RMF(NL3) results for binding energy, pairing energy, the charge radii and quadrupole deformation parameter β2 for 112−134Ba
nuclei for the ground-state and fission state, compared with the FRDM predictions [43, 44] and the experimental data [45–47]. The energy in
MeV and radius in fm.
Nucleus Binding Energy Pairing Energy Charge Radius Deformation Parameter
NL3 Expt. FRDM Epair NL3 Expt. FRDM NL3 Expt. FRDM
112Ba 895.33 894.88 21.43 4.754 0.239 0.207
857.12 19.35 9.251 5.562
114Ba 920.67 922.26 921.26 21.29 4.765 0.235 0.243
880.37 19.85 9.252 5.561
116Ba 947.55 947.14 946.85 20.82 4.786 0.294 0.280
902.14 20.15 9.255 5.564
118Ba 971.43 970.90 970.74 19.89 4.805 0.330 0.290
922.51 20.13 9.266 5.564
120Ba 994.09 993.63 993.43 19.55 4.810 4.8092 0.320 0.281
935.31 19.51 9.494 5.574
122Ba 1015.69 1015.50 1015.20 18.92 4.816 4.8153 0.321 0.345 0.273
953.92 18.65 9.505 5.575
124Ba 1036.17 1036.12 1035.98 18.31 4.822 4.8185 0.295 0.302 0.274
978.25 18.20 9.300 5.577
126Ba 1055.66 1055.84 1055.67 17.66 4.820 4.8221 0.252 0.273 0.256
992.86 18.46 9.293 5.572
128Ba 1074.77 1074.68 1074.22 16.82 4.820 4.8255 0.215 0.249 0.218
1005.77 18.71 9.306 5.578
130Ba 1093.19 1092.72 1092.04 16.02 4.823 4.8283 0.181 0.218 0.171
1019.91 17.27 9.338 5.585
132Ba 1110.89 1110.04 1109.24 15.24 4.826 4.8303 0.143 0.186 0.143
1034.57 15.69 9.351 5.581
134Ba 1127.69 1126.70 1126.13 14.38 4.830 4.8322 0.101 0.161 -0.113
1049.79 14.39 10.48 5.583
III. DETAILS OF THE CALCULATIONS AND RESULTS
To-date, there exists a large number of force parameters for
finding a convergent solution of the RMF Lagrangian den-
sity. In many of our previous works and of others [20, 22–
24, 32, 34, 35] the ground state properties such as the binding
energies (BE), quadrupole deformation parameters β2, root-
mean-square charge radii (rch), single-particle level, nucle-
onic distributions and other bulk properties, are evaluated by
using the various parameter sets. From these works, one can
conclude that, more or less, most of the recent parameter sets
reproduce well the ground state properties, not only of sta-
ble normal nuclei but also for exotic nuclei including super-
heavy. This implies that by using one reasonably accept-
able parameter set, the predictions of the model will remain
nearly force independent. Here, we have used the most popu-
lar NL3 force parameter for this investigation. The numerical
calculations are carried out by taking the maximum oscillator
quanta NF = NB = 16 for Fermion and boson. To test the
convergence of the solutions, few calculations are done with
NF=NB=12 also. The variation of these two solutions are
≤ 0.002% for binding energy and 0.001% for nuclear radii in
drip-line nuclei. Hence, the used model space is good enough
for the considered nuclei in a large deformed state. The num-
ber of mesh points for Gauss-Hermite and Gauss-Lagurre in-
tegration are 20 and 24, respectively. For a given nucleus,
as already stated above, the maximum binding energy corre-
sponds to the ground-state, and the other solution with very
high deformation is for the fission state.
A. Binding energy, nuclear charge radius and deformation
parameter
To deal with the fission state of a nucleus, it is important
as well as necessary to know their ground-state bulk proper-
ties, which are mostly responsible for the internal configura-
tion of nuclei. In this context, we first calculated the gross
properties such as binding energy, rms charge radius rch and
quadrupole deformation parameter β2 of Ba-isotopes by us-
ing the RMF with NL3 parameter set. The obtained results
from RMF(NL3) are compared with the Finite Range Droplet
4FIG. 1: The neck structure for 112−122Ba in axially deformed coor-
dinates for RMF calculations using NL3 parameter set.
Model (FRDM) predictions [43, 44] and the experimental data
[45–47], wherever possible. All the results are listed in Table
I. From the table, we find that, in general, the microscopic
binding energies, rms charge radii rch and deformation pa-
rameters agree well with the experimental data. The closer
comparison of RMF with the FRDM and experimental data
shows clearly that the binding energy and radius coincide re-
markably well throughout the isotopic chain. However, in
case of deformation parameter β2, the RMF matches the ex-
perimental data but not the FRDM predictions. For example,
the RMF shows prolate deformed shapes for all 122−134Ba
isotopes, which compare nicely with the experimental data but
not with the FRDM results, in particular for 134Ba where it is
predicted to be oblate in FRDM.
B. The neck configurations of 112−134Ba
Generally, the internal configuration of a nucleus can be de-
termined from the density distributions of the nucleons for a
given state. The total density of a nucleus (i.e. sum of the neu-
tron and proton densities) in the ρz plane from RMF(NL3) are
obtained for the positive quadrant of the plane parallel to the
symmetry z−axis. Here, ρ = x = y = r⊥ and z is the sym-
metric axis. It is to be noted that, both the axes z and ρ are
conserved in the present formalism under the space reflection
symmetry. Now we can obtain the complete picture of a nu-
cleus in the ρ−z plane by reflecting the first quadrant to other
successive quadrants. The contour plotting of density along
with the color code with corresponding density ranges for the
neck structure of the fission state of 112−134Ba are shown in
Figs. 1 and 2. From the color code, one can identify the mag-
FIG. 2: Same as for Fig. 1, but for 124−134Ba.
TABLE II: The RMF(NL3) results for neck configurations of
112−134Ba in the fission state giving the ranges of the neck and their
Z and N constituents.
Nucleus β2 Range (r1,r2; z1,z2) Zneck Nneck Neck Nucleus
112Ba 5.562 (±2.28; ±1.25) 2.07 1.91 4He
114Ba 5.561 (±2.28; ±1.25) 2.04 2.95 4He
116Ba 5.564 (±2.27; ±1.25) 2.05 2.03 4He
118Ba 5.564 (±2.27; ±1.26) 2.06 2.13 4He
120Ba 5.574 (±2.26; ±1.26) 2.08 2.08 4He
122Ba 5.575 (±2.26; ±1.26) 2.05 2.18 4He
124Ba 5.577 (±2.26; ±1.26) 2.05 2.08 4He
126Ba 5.572 (±2.26; ±1.27) 2.09 2.08 4He
128Ba 5.578 (±2.26; ±1.27) 2.11 1.98 4He
130Ba 5.585 (±2.25; ±1.27) 2.09 2.18 4He
132Ba 5.581 (±2.25; ±1.27) 2.09 2.13 4He
134Ba 5.583 (±2.25; ±1.27) 2.08 1.12 4He
nitude of the density range of a particular color code. For ex-
ample, the color code with deep red corresponds to maximum
density ρ ∼ 0.15 fm−3 and the olive bearing the minimum
value of ρ ∼ 0.001 fm−3. (In black and white figures, the
color code is read as deep black with maximum density to
outer gray as minimum density distribution).
C. The neck structure with and without pairing
The pairing is important for open shell nuclei, near and far
away from β-stable region of the nuclear chart. However, for a
given nucleus, its value depends slightly on the binding energy
5FIG. 3: Same as for Fig. 1, but for 112,134Ba, with and without
pairing.
and marginally on quadrupole deformation β2. This means to
say that for differing β2-values in a nucleus, the pairing en-
ergy Epair changes only marginally (∼2-5% for this specific
region). On the other hand, even if the β2 values for two nuclei
are same,Epair values are different from one another, depend-
ing on the filling of the nucleons. This result is illustrated in
Table I for the RMF(NL3) calculation, where pairing energy
Epair for both the ground-state (g.s.) and fission state (f.s.),
and their corresponding β2-values, are displayed. A careful
inspection of the pairing energy shows a linear decrease in the
magnitude from drip-line to β-stable line. This trend is also
valid for the fission states of these nuclei. For example, the
magnitude of pairing energyEpair for 112Ba and 134Ba are 21
and 14 MeV, respectively. The relative difference in the two
Epair values is 7 MeV, i.e., the change of Epair from drip-
line to β-stability line is ∼30% for the isotopic chain of Ba.
It is well known that the RMF formalism reproduce the clus-
ter structure of nuclei [20–22] which are already predicted by
several cluster models [48–50]. Here, the nucleons are treated
as point particles, which oscillates in the mean field of me-
son medium and gives the way for an independent constraint,
resulting in clustering inside the nucleus. On the other hand,
one can say that the fluctuations in the central density of the
nucleons are due to the shell effects, which may be caused by
the pairing correlation of nucleons around the Fermi surface.
If this is true, then it would be hard to find the shell gaps and
other magic properties in the RMF formalism. Furthermore,
we have examined the pairing effect on the neck structure of
nuclei. For this purpose, we have plotted the contour of den-
sity profiles of 112,134Ba in their fission state, with and without
pairing, as the representative cases shown in Fig. 3. From the
figure, we found almost identical structures in both the cases.
Hence, we one can say that the clustering inside the nuclei is
almost independent or very slightly dependent on pairing.
D. The neck and its constituents
A careful inspection of the Figs. 1-3 show the formation
of a neck structure inside the nucleus, i.e., the preliminary
stage of fission. This region has very high decay probability
than the other interior part of the nucleus. The most important
and crucial attempt made by us here is to see the constituents
(neutrons and protons) in this region.
Basically, the constituent of a region depends on the size
and the magnitude of the density for that area. To determine
the neck structure inside the nucleus, it is important to know
the volume of that region, i.e., the ranges of the elongated
area in the form of a neck. It is worth mentioning here that
the ranges are fixed by graphical method which is guided by
the eyes and may have 1− 2% uncertainty in the results. The
ranges for the necks of 112−134Ba, calculated from Figs. 1-3,
are given in Table II. The formula used to identify the ingre-
dient of the neck in the fission state is given by [20–22]:
n =
∫ z2
z1
∫ r2
r1
ρ(z, r⊥)dτ, (4)
where, n is the number of neutronsN or protons Z or massA,
and z (z1, z2) and r⊥ (r1 , r2) are the ranges. From the esti-
mated proton and neutron numbers, we determine the mass
number of the nucleus emitted at the time of fission. The
obtained nucleons for the fission state, along with the corre-
sponding deformation, for Ba-isotopes are listed in Table II.
From the table, we notice the presence of an α (i.e., 4He) as
the residue in Ba-isotopes. Though a straight forward calcula-
tion, for the fission state, this is being carried out here for the
first time.
IV. SUMMARY AND CONCLUSIONS
Concluding, we have presented the gross nuclear prop-
erties, like the binding energy, deformation parameter β2,
charge radius rch and the nucleonic density distributions for
the isotopic chain 112−134Ba, using an axially deformed rel-
ativistic mean field formalism with NL3 parameter set. The
results of our calculations show a quantitative agreement with
the experimental data. We found prolate deformed ground-
state solutions for Ba isotopes, which are consistent with the
experimental data but do not match the FRDM predictions for
some cases.
Analyzing the total nuclear density distributions, the neck
structure, i.e., the fission states of Ba-isotopes are identified.
The effect of pairing on the neck structure are taken into ac-
count. We find that the neck of Ba-isotopes is built up of 4He
nuclei, which can be taken as the evaporation residue of their
decay process. Experimentally, the evaporation residue of a
decaying compound system consist of multiple neutrons, pro-
tons and α-particle. It is further noticed that the neck structure
of a nucleus remains unaffected for different force parameters,
6as long as the solutions for that nucleus exist. It will be inter-
esting to measure the constituents of evaporation residues of
hot Ba-isotopes formed in heavy-ion reactions.
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